
This week
Continue on Fourier Analysis

Review on PCA

Wavelet Transform



Fourier Transform as a Basis



Example 2D Fourier basis functions



Convolution Theorem
Let ℱ{#} respresents the Fourier transform of #
If ℱ{f} = ', then ℱ(){F} = #

1. ℱ{# ∗ .} = ℱ # / ℱ . or # ∗ . = ℱ() ℱ # / ℱ .
F.T. of Convolution in the spatial domain is the same as 
multiplication in the frequency domain

2. ℱ # / . = ℱ # ∗ ℱ . or # / . = ℱ(){ℱ # ∗ ℱ . }
F.T. of Multiplication in the spatial domain is the same as
convolution in the frequency domain



Examples of 2D filters & their spectra
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Examples of 2D filters & their spectra
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Linear Filters & Fourier Analysis

Filter-based view of image formation
Linear systems & 1D convolution
Example 1D filters
Filtering in 2D
The Fourier series
Introduction to sampling & aliasing
Discrete-time filters & the DFT

Tutorial
week 11



Aliasing

https://commons.wikimedia.org/wiki/File:Mipmapping_example.png



Problem with sampling

https://electronics.stackexchange.com/questions/235870/sampling-anti-aliasing-filter-bandwidth

Nyquist–Shannon sampling theorem

https://en.wikipedia.org/wiki/Nyquist%E2%80%93Shannon_sampling_theorem


*

Image formation from a filtering perspective
11



Image formation from a filtering perspective
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close-up photo of my office carpet (looks pretty good)
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goal #1: understanding image aliasing…
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goal #1: understanding image aliasing…
why do fringes appear in this image??  



???

Sampling in spatial vs. Fourier domain15



???

Sampling in spatial vs. Fourier domain16



Sampling in spatial vs. Fourier domain17



Convolution with an impulse train18



Sampling in spatial vs. Fourier domain

´
*
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Aliasing20
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Nyquist Sampling Theorem21



The Source of Aliasing…
The end result
• High frequencies are “masked” (aliased) as lower frequencies

22



Topic 9:

Discrete Wavelet Transform
• Wavelet transform vs. Laplacian pyramid 
• Basic intuition: a simple wavelet-like 2D transform
• The 1D Haar wavelet transform 
• 1D Haar wavelet transform as a matrix product
• Reconstructing a 1D image from its wavelet coefs
• Wavelet-based image compression
• The 2D Haar wavelet transform



Review
Fourier Analysis
• Frequency domain
• Predefined basis

Principle Component Analysis
• Reduce dimension
• Calculate basis from data set

Laplacian Pyramid Representation (next week)
• Transformation stores the pixel difference
• Overcomplete representation



Wavelet vs. other transformations
Predefined basis

– similar to Fourier transform

Reduce dimension (compression algorithm)
– similar to PCA

Transformation stores the pixel difference
– similar to Laplacian pyramid representation



Find the principle components
Given ! image patches of " dimensions:
1) Calculate mean of image patch vectors

#$ = 1
!'$(

2) Subtract the mean from all patches (centre)
)( = $( − #$

3) Create an "×! matrix of all centred patch vectors 
(arranged as columns of matrix)

, = )- ).⋯ )0
4) Find eigenvectors 1-,… ,14 corresponding to the d (where 

6 ≪ ") largest eigenvalues 8-, … , 84 of the covariance 
matrix

Σ = ,,:



Reminder: The Eigenface/PCA Image Basis



Representing Images by their PCA Basis



The Discrete Wavelet Transform



The Discrete Wavelet Transform
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A Simple, Minimal 2-D Image Transform

Input image (2Nx2N) Transformed image (2Nx2N)

wavelet
transform



A Simple, Minimal 2-D Image Transform
Step 1: Create 4 new images of size 2N-1x2N-1 as shown in

figure 

Input image (2Nx2N) Transformed image (2Nx2N)

Step 1
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Step 1



A Simple, Minimal 2-D Image Transform
Step 2: Recursively perform Step 1 for top-left quadrant of 

result 

Result of Step 1 (2N-1x2N-1) Transformed image (2Nx2N)

Step 2

1 2
3 4

Average 
Image

Aaverage 2

3 4



A Simple, Minimal 2-D Image Transform
Step 3: Recursion stops when average image is 1 pixel 

Transformed image (2Nx2N)



Invertibility of the Transformation

1 2
3 4

2

3 4

A
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1D Haar Wavelet Transform: Recursive Definition



1D Haar Wavelet Transform: Recursive Definition



1D Haar Wavelet Transform: Recursive Definition



1D Haar Wavelet Transform: Recursive Definition



1D Haar Wavelet Transform: Recursive Definition



Topic 9:

Discrete Wavelet Transform
• Wavelet transform vs. Laplacian pyramid 
• Basic intuition: a simple wavelet-like 2D transform
• The 1D Haar wavelet transform 
• 1D Haar wavelet transform as a matrix product
• Reconstructing a 1D image from its wavelet coefs
• Wavelet-based image compression
• The 2D Haar wavelet transform



1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product



1D Haar Wavelet Transform as a Matrix Product



1D Haar Wavelet Transform as a Matrix Product



1D Haar Wavelet Transform as a Matrix Product



1D Haar Wavelet Transform as a Matrix Product



The 1D Haar Wavelet Transform Matrix W 
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Reconstructing an Image from its Wavelet Coefs
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Reconstructing an Image from its Wavelet Coefs



Reconstructing an Image from its Wavelet Coefs



Reconstructing an Image from its Wavelet Coefs



Reconstructing an Image from its Wavelet Coefs



Interpreting the Wavelet Coefficients



Interpreting the Wavelet Coefficients



Interpreting the Wavelet Coefficients



The Normalized Haar Wavelet Matrix



Reconstructing an Image from its Wavelet Coefs



The Normalized Haar Wavelet Coefficients
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Wavelet Compression Algorithm #1



Wavelet Compression Algorithm #2
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The 2D Haar Wavelet Transform



The 2D Haar Wavelet Transform



The 2-D Haar Wavelet Basis
Definition of the first few (coarsest scale) wavelet coefficients of an 
image of dimensions of 2N x 2N

+ -

- +

+
-

+ -

+ImageCoef 0 = 

ImageCoef 1 = 

ImageCoef 2 = 

ImageCoef 3= 

ImageCoef 4= 

ImageCoef 5= 

+ -
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A Simple, Minimal 2-D Image Transform



The Haar 2-D Wavelet Transform
The 2-D Haar Wavelet Transform corresponds to a modification of 
this minimal recursive transform 

Input image (2Nx2N)
Wavelet image

representation (2Nx2N)

Step 1

1 2
3 4

Average Image:

every pixel A is the
average of pixels

1,2,3,4

A

detail
coefficients

Detail image

Detail image Detail image



Invertibility of the 2D Haar Transform
We can recursively reconstruct the intensities of every 2x2 window 
from its average and detail coefficients

1 2
3 4

d2

d4

A

d3

2x2 pixel average1 2
3 4

A d2

d3 d4


