This week

Continue on Fourier Analysis

Review on PCA

Wavelet Transform



Fourier Transform as a Basis
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Example 2D Fourier basis functions

2D Fourier Basis Functions

Grating for (k,]) = (1,-3) Grating for (k1) = (7,1)
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Convolution Theorem

Let F{f} respresents the Fourier transform of f
If F{f} = F,thenF YF} = f

1 Fif =g} =F{f}-Flg} or frg=F 1 {F{f}  Fig}}
F.T. of Convolution in the spatial domain is the same as
multiplication in the frequency domain

2 F{f-g}=F{f}*F{g} or f-g=F YF{f}*F{g}

F.T. of Multiplication in the spatial domain is the same as
convolution in the frequency domain



Examples of 2D filters & their spectra

Common Filters and their Spectra

Top Row: Image of Al and a low-pass (blurred) version of it. The
low-pass kernel was separable, composed of 5-tap 1D impulse re-
sponses ;;(1,4,6,4,1) in the z and y directions.

Bottom Row: From left to right are the amplitude spectrum of Al,
the amplitude spectrum of the impulse response, and the product of
the two amplitude spectra, which is the amplitude spectrum of the
blurred version of Al. (Brightness in the left and right images is pro-
portional to log amplitude.)



Examples of 2D filters & their spectra

Common Filters and their Spectra (cont)

'From left to right is the original Al, a high-pass filtered version of
Al, and the amplitude spectrum of the filter. This impulse response
is defined by &(n) — h(n, m) where h[n,m| is the separable blurring

kernel used in the previous figure.

'From left to right is the original Al, a band-pass filtered version of
Al, and the amplitude spectrum of the filter. This impulse response is
defined by the difference of two low-pass filters.



Examples of 2D filters & their spectra

Common Filters and their Spectra (cont)

Top Row: Convolution of Al with a horizontal derivative filter, along
with the filter’s Fourier spectrum. The 2D separable filter is composed
of a vertical smoothing filter (i.e., % (1,2,1)) and a first-order central
difference (i.e., 3 (—1,0, 1)) horizontally.

Bottom Row: Convolution of Al with a vertical derivative filter, and
the filter’s Fourier spectrum. The filter is composed of a horizontal
smoothing filter and a vertical first-order central difference.



Linear Filters & Fourier Analysis

Filter-based view of image formation
Tutorial Linear systems & 1D convolution
week 11 Example 1D filters

__ Filtering in 2D

The Fourier series

Introduction to sampling & aliasing
Discrete-time filters & the DFT



Aliasing
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https://commons.wikimedia.org/wiki/File:Mipmapping_example.png



Problem with sampling

Nvquist—Shannon sampling theorem

\

https://electronics.stackexchange.com/questions/235870/sampling-anti-aliasing-filter-bandwidth


https://en.wikipedia.org/wiki/Nyquist%E2%80%93Shannon_sampling_theorem

Image formation from a filtering perspective

RGov)

pulse

1 \
RO 9%

%@W\P\E&Q I‘W\O%Q
e ) =P 2 Sy @

SG@ = }W X
WYQ%@F A ﬁgs a0,
xQ/Q bl Ax A\/ L

‘ geﬁo PO‘LGL‘QAF\;Q\;Q

Pluc due fo s @ gmtc
pixed  footprint

TRy = (Tx6 v

/d@@l SONSOT WY@@ e

Tx) Gode (- al{a)



Image formation from a filtering perspective
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goal #1: understanding image aliasing...
close-up photo of my office carpet (looks pretty good)




goal #1: understanding image aliasing...
why do fringes appear in this image??




Sampling in spatial vs. Fourier domain
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Sampling in spatial vs. Fourier domain
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Sampling in spatial vs. Fourier domain
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Convolution with an impulse train
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Sampling in spatial vs. Fourier domain
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Aliasing
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Nyquist Sampling Theorem
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“* The Source of Aliasing...

The end result

e High frequencies are “masked” (aliased) as lower frequencies




Topic 9:

Discrete Wavelet Transform

e Wavelet transform vs. Laplacian pyramid

e Basic intuition: a simple wavelet-like 2D transform
e The 1D Haar wavelet transform

e 1D Haar wavelet transform as a matrix product

e Reconstructing a 1D image from its wavelet coefs
e Wavelet-based image compression

e The 2D Haar wavelet transform



Review

Fourier Analysis
* Frequency domain
* Predefined basis

Principle Component Analysis
e Reduce dimension
e (Calculate basis from data set

Laplacian Pyramid Representation (next week)
* Transformation stores the pixel difference
 QOvercomplete representation



Wavelet vs. other transformations

Predefined basis

— similar to Fourier transform

Reduce dimension (compression algorithm)
—similar to PCA

Transformation stores the pixel difference

— similar to Laplacian pyramid representation



Find the principle components

Given N image patches of M dimensions:
1) Calculate mean of image patch vectors

_ 1

X — NE Xi
2) Subtract the mean from all patches (centre)

Zi — Xi - )_(
3) Create an M XN matrix of all centred patch vectors

(arranged as columns of matrix)
Z=1Zy Z,- Zy]

4) Find eigenvectors B+, ..., B; corresponding to the d (where

d < M) largest eigenvalues A4, ..., A4 of the covariance

matrix
> =777



Reminder: The Eigenface/PCA Image Basis
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Representing Images by their PCA Basis
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The Discrete Wavelet Transform
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The Discrete Wavelet Transform
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Topic 9:
Discrete Wavelet Transform

e Basic intuition: a simple wavelet-like 2D transform



A Simple, Minimal 2-D Image Transform
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A Simple, Minimal 2-D Image Transform

Step 1: Create 4 new images of size 2V1x2¥1as shown in
figure

Input image (2Nx2N) Transformed image (2Nx2N)




A Simple, Minimal 2-D Image Transform

Step 1: Create 4 new images of size 2V1x2¥1as shown in
figure

Input image (2Nx2N) Transformed image (2Nx2WV)




A Simple, Minimal 2-D Image Transform

Step 1: Create 4 new images of size 2V1x2¥1as shown in
figure

consisls of

Input image (2Nx2N) all 2x2  Transformed image (2Nx2N)
Qvuoges

Step 1




A Simple, Minimal 2-D Image Transform

Step 2: Recursively perform Step 1 for top-left quadrant of
result

Result of Step 1 (2N-1x2N-1) Transformed image (2Nx2N)

average _




A Simple, Minimal 2-D Image Transform

Step 3: Recursion stops when average image is 1 pixel

Transformed image (2Nx2N)




Invertibility of the Transformation
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Topic 9:

Discrete Wavelet Transform

e The 1D Haar wavelet transform



1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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1D Haar Wavelet Transform: Recursive Definition
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Topic 9:

Discrete Wavelet Transform

e 1D Haar wavelet transform as a matrix product



1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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3rd & G

1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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1D Haar Wavelet Transform as a Matrix Product
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The 1D Haar Wavelet Transform Matrix W

- Makrix cowtans

N-1 scales

- Scale ) repcesw‘reo\

b\3 C);,) rouoS
) )
tPo ) ) q)QJ
-1
R
Wovelek 2 --’--OZ'
rows(orwed D' 2
. T==T 1
"X |-
-2
-1

I

/2" | ~Rewo ¢ lhas
2N-J ZN- _ J N:j
= ,,//’\ . 23
kS ‘\p{,_[ Nown - Lero Pl')(e,\s
Wi, |- Tt\oﬂ are pPixels
2“:)' Xz L QN'JI ..... (_C«H) Q.N.).1
5 -t 1 | 5y
wwzzzzzzZ4) | 4
oz 22 Z)| | |
o, | | 3| O ‘f;)"’\ml
[zere ]| | ° lvvxo%q
(2 ‘6
|l S
— | A




Topic 9:

Discrete Wavelet Transform

e Reconstructing a 1D image from its wavelet coefs



Reconstructing an Image from its Wavelet Coefs

Wuesnon: Whot © the

Aot PV‘OA\&CA‘
\.\/J \[\/ =
of; o0 d\s’rmc’)‘ rowS
of W7
_ 33 el 4”4
Wovdd -5 02227077 ]
' I DR, '.2"""
FrowsComed -D. i _z“ . e 22
W YA
K2 > || | 2Z
S |E Z

|l \/2N
Wy,
1,
_q,
=1
3 Or\\g'lv\o\]
S
l
6| "MF
lO
2
G




Reconstructing an Image from its Wavelet Coefs
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Reconstructing an Image from its Wavelet Coefs
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Reconstructing an Image from its Wavelet Coefs
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Reconstructing an Image from its Wavelet Coefs
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Reconstructing an Image from its Wavelet Coefs
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Reconstructing an Image from its Wavelet Coefs
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Interpreting the Wavelet Coefficients
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Interpreting the Wavelet Coefficients
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Interpreting the Wavelet Coefficients
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The Normalized Haar Wavelet Matrix
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Reconstructing an Image from its Wavelet Coefs
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The Normalized Haar Wavelet Coefficients
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Topic 9:

Discrete Wavelet Transform

e Wavelet-based image compression



Wavelet Compression Algorithm #1
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Wavelet Compression Algorithm #2

lv\]) uu‘c '
Output:

~
D) Qort 4le coefficien W=
O C;,Od:,,d' . lw ovdur O\Q
decreasvg gloso vt VATRL
@ th ‘\\ﬁe,jk/oﬂtll\) CQ-Q,(:C l

it K | normali 2ed
zv\o\m \l\/\# eS
[T-T<e, |\d,
WL\W'C j A\(
o 4l \W\aaQ ‘

fLLoNS l‘t’vxo&,ej
frowa 4k bor

K'Z'J coefs

LD iwmage 1, wox ervor @
\4-1'0 ALY G

‘)

- 1 1 wavelek caem\ uen's

\’\/{/

—

N\ /2222

%

2z |

o

22 Z)

V2

|

17/

S
N
I

) \—’}-’—}

N VW PO

ANC

\

Or 10 'lv\a\]
lvvxo%q 1



Topic 9:

Discrete Wavelet Transform

e The 2D Haar wavelet transform



The 2D Haar Wavelet Transform
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The 2D Haar Wavelet Transform
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The 2-D Haar Wavelet Basis

Definition of the first few (coarsest scale) wavelet coefficients of an
image of dimensions of 2N x 2N
v{dal‘ prodwu ct

Coef 0=| Image | ° * Coef 3= | Image °

Coef1 =| Image * Coef 4= Image °

Coef2 =| Image * Coef 5= Image




A Simple, Minimal 2-D Image Transform




The Haar 2-D Wavelet Transform

The 2-D Haar Wavelet Transform corresponds to a modification of

this minimal recursive transfo
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Invertibility of the 2D Haar Transform

We can recursively reconstruct the intensities of every 2x2 window

from its average and detail coefficients
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